We give a geometric characterization of self-extremal sets in L p (Ω) spaces that partially extends our previous results to the case of L p spaces.
. Let (Ω, µ) be a σ-finite measure space, 1 < p < ∞, x 1 , . . . , x n vectors in L p (Ω) and t 1 , . . . , t n non-negative numbers such that
The following inequality holds
Proof of Theorem 1.1. We may assume that A is closed convex and r(A) = 1. For each integer n ≥ 2 we have
where B(x, r) denotes the closed ball centered at x with radius r which is weakly compact since L p (Ω) is reflexive. Hence there exist x t n−1 +1 , x t n−1 +2 , . . . , x tn in A (with convention
. . , x tn }. By Lemma 1.2 there exists a subset B n = {y s n−1 +1 , y s n−1 +2 , . . . , y sn } of A n satisfying properties (i)-(ii) of the lemma. Let us denote the relative Chebyshev center of B n by c n and let r n : = r(B n ). By what we said above we have r n > 1 − 1 n and y i − c n = r n for every i ∈ I n : = {s n−1 + 1, s n−1 + 2, . . . , s n }. Since B n is a finite set there exist non-negative numbers α s n−1 +1 , α s n−1 +2 , . . . , α sn with i∈In α i = 1 such that c n = i∈In α i y i . Applying Lemma 1.3 one gets
where α as in (1) .
the property that there are infinitely many n satisfying
where
In view of (2) and taking into account
On the other hand, obviously 1− 1 n < r n ≤ 1, therefore lim n→∞ r n = 1. We get a contradiction with (4), since there are infinitely many n satisfying (3).
One concludes that α(B ∞ ) = d(A), and hence α(A) = d(A).
The proof of Theorem 1.1 is complete.
As an immediate consequence one obtains an extension of Gulevich's result for L p (Ω) spaces. 
where r n ∈ (1 − 1 n
, 1], α as in (1), and I n : = {s n−1 + 1, s n−1 + 2, . . . , s n }.
We denote by
Based on the method in proving Theorem 3.4 of [6] one can proceed furthermore as follows. We have
Hence λ n ≤ √ 1 − r α n → 0, as n → ∞. Thus lim n→∞ i∈Sn
On the other hand
for every i ∈ I n . Therefore α i ≤ √ 1 − r α n → 0 as n → ∞. One concludes that the cardinality S n of S n tends to ∞ as n → ∞. In a similar manner as in the proof of Theorem 3.4 of [6] for every ε ∈ (0, d(A)) and a given positive integer m we choose n sufficiently large satisfying
such that for every 1 ≤ k ≤ m and every choice of i 1 , i 2 , . . . , i k ∈ S n we have
With m and n as above and a fixed j ∈ S n , setting z 1 : = y j , we take consecutively
n (z k ). One sees that
for all i = j in {1, 2, . . . , m + 1}, with n sufficiently large. We obtain an m-simplex formed by z 1 , z 2 , . . . , z m+1 , whose edges have length not less than d(A) − ε, as claimed.
The proof of Theorem 1.5 is complete.
are also self-extremal. Thus we obtain a characterization for extremal sets in L p (Ω) via Theorem 1.5 above.
(ii) In particular Ω = N, µ(A) : = card (A), A ⊂ N leads to the ℓ p space case (Theorem 3.4 of [6] ).
consisting of measurable subsets of Ω such that
Let χ Ω i denote the characteristic function of Ω i , and set
.
One can check easily that r(A) = 1,
(ii) In the case 1 < p < 2 we set B : = {r i } (r − r k )r k dµ = 1, hence r(B) = 1. Thus B is a self-extremal set in L p [0, 1] with 1 < p < 2. This is in contrast to the ℓ p case ( [6] ), where we conjectured that there are no (self)-extremal sets in ℓ p , spaces with 1 < p < 2.
